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The generation of very high quality electron bunches (high brightness and low energy spread) from
a plasma-based accelerator in the three-dimensional blowout regime using self-injection in tailored
plasma density profiles is analyzed theoretically and with particle-in-cell simulations. The underlying
physical mechanism that leads to the generation of high quality electrons is uncovered by tracking
the trajectories of the electrons as they cross the sheath and are trapped by the wake. Details on
how the intensity of the driver and the density scale-length of the plasma control the ultimate beam
quality are described. Three-dimensional particle-in-cell simulations indicate that this concept has
the potential to produce beams with peak brightnesses between 1020 and 1021 A/m2/rad2 and with
absolute projected energy spreads of ∼ 0.3 MeV using existing lasers or electron beams to drive
nonlinear wakefields.
Research in Plasma-based acceleration (PBA) driven
by a laser pulse or a relativistic electron beam is very ac-
tive [1] because the large accelerating gradients in plasma
wave wakefields may lead to ultra compact accelerators.
PBA is also capable of self-generating electron bunches
that contain a significant amount of charge (Q), have
short durations (τ) and low normalized emittance (n).
These beam quantities are often combined into the nor-
malized beam brightness Bn = 2I/
2
n where I = Q/τ
is the current. Ultra-high beam brightnesses are needed
in accelerator-based x-ray light sources [2]. While PBA
experiments have produced useful beams, they have not
produced beams with the necessary brightnesses and en-
ergy spreads needed to drive an X-ray free-electron-laser
(X-FEL) or the charge and emittance needed as an in-
jector for a future linear collider.
The electron bunches needed to load plasma wave
wakefields are very short and they also need to be syn-
chronized with the driver. Therefore, self-injection has
been actively investigated. Self-injection of electrons and
its threshold into nonlinear plasma waves in uniform plas-
mas has been studied in simulations [3–6]. This process
does not appear to be capable of generating the high
quality beams needed for coherent radiation sources or a
linear collider [7–9]. Therefore there has been much re-
cent theoretical and computational work on methods for
generating high brightness beams through controlled in-
jection into plasma wave wakes [3, 6, 10–17]. These ideas
fall into three categories. In one, electrons are born inside
the wake through field ionization where the wake poten-
tial is near a maximum that eases the trapping threshold
[18, 19]. There are now numerous variations of this idea
in which the injection and wake excitation are separated
[11–13]. In the second, the effective phase velocity of the
wake is slowed down either by a density transition from
high to low density [14, 15], or through an expanding
bubble from the evolution of a laser driver [3, 6, 16, 17].
In the third, one or more laser pulses are used to trigger
injection inside one plasma wake bucket [20–22]. Simu-
lations have shown that these ideas provide beams with
a variety of different Q, τ , n, and energy spread, σγ .
As first pointed out by Katsouleas [23], the phase ve-
locity of a wake driven by a particle beam moving with
a constant velocity vd in a density gradient will change
due to the density dependence of the wavelength. The
phase of the plasma wave wake behind the driver can be
written as φ(z, t) = ωp(z) (z/vd − t), where ωp(z) is the
local plasma frequency. Thus the phase velocity of the
wake is
vφ(z, t) =
vd
1− (dωp/dz)ω−1p (vdt− z)
(1)
This can be used to increase the phase velocity (up-
ramp) or decrease the phase velocity (downramp). The
concept of using variations of the plasma density to trig-
ger injection was subsequently proposed in gradual [14]
and sudden [15] density transitions from a high density
plasma to a low density plasma. These analyses were
based on one-dimensional (1D) arguments. There have
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FIG. 1: (a) Schematic of density downramp injection. The
plasma density decreases linearly from np,h at z = 0 to np0 at
z = L. (b) Evolution of the phase velocity γph,Ez=0 from Eq.
(1) (solid lines) and 3D PIC simulations (dashed lines). The
parameters are: np,h = 1.5np0, γb = 2500, nb = 16np0, σz =
0.7 c
ωp0
, σr = 0.25
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Λ = 4. A longer simulation box is used when Λ = 4.
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2also been some recent results from multi-dimensional sim-
ulations [15, 24–27]. However no analysis of the phase
space dynamics of the injected electrons needed to un-
derstand why and how ultra bright electron beams can
be generated was provided.
In this Letter, we analyze the 3D self-injection in
density downramps from wakes excited in the nonlinear
blowout regime using theory and OSIRIS [28] simula-
tions. We find that beams with unprecedented bright-
nesses (& 1020 A/m2/rad2) can be generated under the
appropriate conditions. The phase velocity is controlled
by varying the blowout radius using a density ramp and
emittance is controlled because of the defocusing fields
on the electrons as they converge back to the axis in the
density spike in the rear of the bubble.
The processes behind the injection and generation of
ultra bright electron beams are clearly illuminated by
tracking particles of interest. For clarity in interpreta-
tion of the physics we use a non-evolving ultra-relativistic
electron beam to produce the wake; however, when evolv-
ing beams or lasers are used similar results are obtained.
By adjusting the magnitude of the plasma density gradi-
ent and the driver intensity, one can control the expan-
sion rate of the blowout radius so that electron trapping
occurs. We show that downramp injection in the blowout
regime can generate the brightnesses and energy spreads
needed to drive an XFEL into saturation with a much
shorter undulator at nm or smaller wavelengths; and that
this scheme can generate 100’s of pC of charge with nor-
malized emittances less than 50nm making it a possible
injector for a future linear collider. None of the ionization
based injection schemes nor previous work on downramp
injections has indicated that such beam parameters can
be produced.
The basic idea is illustrated in Fig. 1(a). In the
OSIRIS simulations used for Figs. 1-4, we use 512×512×
320 cells in the x, y, and z directions, cell sizes of 132
c
ωp0
in
each direction, and 4-8 particles per cell is used for the
plasma electrons. When a high current electron bunch
propagates through plasma, a highly nonlinear plasma
wave structure can be excited if the bunch peak density
nb exceeds the plasma density np [29–31] and the peak
normalized charge per unit length, Λ ≡ 4pire
∫ rσr
0
rdrnb
exceeds unity, where σr is the spot size of the beam
and re is the classical electron radius. For Λ  1, the
Coulomb force of the drive electron bunch “blows out”
the plasma electrons which then form a thin sheath sur-
rounding a bubble-like region that contains only the “im-
mobile” ions. In the laser driver case, a similar bub-
ble structure is formed if the normalized vector potential
a0 ≡ eA0mc2  1 where A0 is the peak vector potential of
the laser [30–33].
In the blowout regime, the edge of the ion column is
called the blowout radius, rb(ξ) (the radius is in cylindri-
cal coordinates) where ξ ≡ vdt − z ≈ ct − z. The maxi-
mum value of rb is defined as rm and for a particle beam
driver is given by 2
√
Λc/ωp [30, 31]. When rm  c/ωp
then rb(ξ) nearly maps out the ion column that resem-
bles a nearly spherical bubble and the wavelength of the
wake is therefore λwake ≈ 2rm ≈ 4
√
Λc/ωp. The cor-
responding frequency is therefore ωNL =
piωp
2
√
Λ
where we
note that Λ is independent of density. Therefore when ωp
is replaced by ωNL in the expression for the phase veloc-
ity the result is unchanged. For the velocity of the first
density spike, we can replace λwake for vdt− z in Eq. (1)
to get vφ ≈ vd
(
1− 4√Λdω
−1
p
dz
)
. Below we track where
Ez = 0 and assume it behaves similar as the density spike
where Ez is a minimum. Within the density downramp
dω−1p
dz > 0, so vφ (and therefore γφ) can be much reduced
from vd as shown in Fig. 1(b) where γφ,Ez=0 is plotted vs.
the location in the density downramp for several values
of L and Λ.
In a region of gradual density decrease, i.e., l ≡
np
dnp/dz
 cωp , the motion of an electron before injection
is similar to the motion in a uniform plasma. As pointed
out in Refs. [30, 31], in the blowout regime the trajecto-
ries of the plasma electrons vary significantly depending
on their impact parameter ri, i.e., the initial radius. As
seen in Fig. 2(a), the electrons with small impact pa-
rameter ri  rm are deflected by the driver whereas
the electrons with large impact parameter ri  rm are
hardly perturbed. Only the electrons with ri ≈ κrm form
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FIG. 2: (a) The trajectories (solid lines) and the longitu-
dinal velocities (dashed lines) of the electrons in a uniform
plasma with np = 1.5np0. The inset shows the dependence of
the maximum γz of the electrons on the initial radius under
different drivers. The red dotted line is the on-axis ψ0. (b)
The source term S and ψ at different ξ. The inset enlarges
the vertical scale to [-0.5, 0.5]. (c) The trajectories of the
electrons in the transverse phase space. The inset shows the
transverse forces experienced by the sheath electrons. The
beam parameters are the same as the Λ = 4 case in Fig. 1.
The electrons are selected to have negligible motion in the
y-direction.
3the high density narrow sheath of the wake, where κ ≈ 12
and its precise value depends on the intensity and pro-
file of the driver and can be deduced from simulations
[30, 31]. These electrons obtain large longitudinal for-
ward velocity γz ≡ (1− β2z )−
1
2 when they reach the rear
of the wake as shown by the dashed lines in Fig. 2(a).
The dependence of the maximum longitudinal velocity
of the electrons γz,M on the impact parameter for differ-
ent driver intensities are shown in the inset in Fig. 2(a).
One can see a stronger driver tends to generate electrons
with larger γz,M . When the driver propagates through a
gradual density downramp, some electrons in the sheath
can satisfy γz ≥ γph as it is pulled back to the axis at
which time it becomes injected. This selection mecha-
nism determines the beam quality generated in density
downramp injection.
The longitudinal velocity of the electron can be de-
scribed as βz = 1 − 2(1+ψ)
2
1+(p⊥/mc)2+(1+ψ)2
[34], where ψ ≡
e
mc2 (φ−Az) is the wake potential and φ and Az are the
scalar potential and the axial component of the vector
potential, respectively. The wake potential ψ obeys the
Possion like equation ∇2⊥ψ = S ≡ − 1npe
(
ρ− Jzc
)
[34],
where S = −1 inside the ion column. If S ≥ 0 out-
side the ion column, then by integrating the Possion like
equation it is straightforward to show that ψ ≥ 0 at each
transverse position, such as in the case for the black lines
in Fig. 2(b). However at the very rear of the wake, S < 0
for some r outside the ion column which may lead to a
negative ψ inside the ion column, such as in the case for
the blue lines in Fig. 2(b). At the very rear of the wake,
ψ can be very close to −1, and this is why the electrons
always obtain the largest forward velocity at the very
rear of the wake.
The transverse force, −e( ~E + ~vc × ~B)⊥, on a plasma
electron at r = rb(ξ) can be written as Fr = Fd+Fi+Fe
[30, 31], where Fd = mcωp(1 − βz)Λ(ξ)kpr is from the
beam driver, Fi = −mcωp kpr2 is from the ion cavity and
Fe = −mcωp kpr2 (1 − βz) d
2ψ0
d(kpξ)2
is from the plasma elec-
trons. Initially the force from the driver Fd dominates
this is what expels the plasma electrons outward forming
the narrow sheath. As the driver passes by the electrons,
the focusing force is solely due to Fi + Fe. For most of
the wake, d
2ψ0
d(kpξ)2
≈ − 12 [30, 31], thus Fi+Fer < 0 and the
plasma electrons are pulled back to the ions. However, at
the very rear of the wake, the | d2ψ0d(kpξ)2 | term can be very
large leading to Frr > 0 [see the inset in Fig. 2(c)] and
these electrons are decelerated in the transverse direction
as they rush back to the axis, i.e., the amplitude of the ra-
dius and transverse momentum decrease simultaneously
[see Fig. 2(c)]. These electrons have βz ∼ 1 so they can
remain in phase with these defocusing fields therefore the
impulse from Fr can reduce the transverse momentum to
a vey low value as shown in Fig. 2(c). This leads to a
much lower emittance for the trapped electrons.
As shown above, the electrons in the sheath can ob-
tain a large enough forward velocity to begin to move
synchronously with the wake if vφ is reduced enough in
the density downramp region so that vz exceeds it. For a
monotonically decreasing density, after injection the elec-
trons then gradually move forward relative to the rear of
the wake due to the further expansion of the wake, i.e.,
they do not phase slip with respect to the driver but they
do with the rear of the bubble. Meanwhile the impact
parameter of the injected electrons increases because it
depends on density. There is also a one-to-one mapping
between ξ (the axial location of the electron after the
downramp region) and the initial longitudinal position
zi, which means the longitudinal phase mixing [13] is ide-
ally suppressed, i.e., the electrons in a final longitudinal
slice originate from the same initial longitudinal position,
therefore an injected beam with low slice energy spread
can be expected. The dependence of ri and ξ on zi are
therefore
dri
dzi
≈ κdrm
dzi
,
dξ
dzi
≈ dλwake
dzi
≈ 2drm
dzi
(2)
In Fig. 3, the dependence of ri and ξ on zi for the
injected electrons with different driver intensities are
shown. Good agreement between OSIRIS PIC simulation
results and Eq. (2) is found. When Λ = 1, the electrons
are injected continuously as the driver propagates in the
ramp. When Λ = 4, there is significant injection around
the starting point of the ramp (zi = 0). In this first
injection, the electrons from different zi mix together,
leading to a large slice energy spread and large current.
These injected electrons load the wake [35], decreasing
the longitudinal velocity of the subsequent electrons in
the sheath and the injection ceases. As the beam prop-
agates further into the low density region, vφ decreases
further and the beam loading effect weakens due to the
injected electrons moving forward relative to the rear of
the wake [35], leading to a second injection phase. In
this second injection phase, the electrons are then in-
jected continuously as is the case when Λ = 1. In Fig.
3(b), we show two more cases for Λ = 1 with the same
density gradient but different ramp lengths. Because vφ
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FIG. 3: The normalized charge density distribution of the
injected electrons in ri−zi plane (a) and ξ−zi plane (b). The
lines are from Eq. (2). The beam parameters are the same as
in Fig. 1.
4of the wake is always higher at the beginning of the ramp
for a linear profile [see Fig. 1(b)], the injection process is
the same for the profiles with the same density gradient
and minimum density but longer lengths.
The current of the injected beam can be approxi-
mated as I ≈ (ec)2piri∆rinp dzidξ ≈ −(piec)∆rinpl, where
2piri∆rinpdzi is the injected particle number at zi, dξ
is the length of the these electrons after injection, and
we use relationship Eq. (2). The current can therefore
be controlled by adjusting the driver intensity and the
gradient of the downramp. An intense driver increases
∆ri. A steeper ramp (i.e., smaller l) makes injection eas-
ier by decreasing the γz needed for injection which then
increases ∆ri, but it also simultaneously decreases npl,
so it is necessary to use simulations to quantify the de-
pendence of the current on the density scale length.
The slice emittance of the injected beam is determined
by the value of the impact parameter ∆ri. Large ∆ri
tends to generate a beam with a larger emittance. So we
can fine tune the parameters of the density profile and
the driver to reduce the width of the impact parameter
for injected electrons to generate a beam with a low emit-
tance. The current, slice emittance and energy spread of
the injected beam when Λ = 1 and Λ = 4 are shown
in Fig. 4. In Fig 4(a) we can see that the emittance
and the current are smaller when Λ = 1 as compared
to when Λ = 4, this is consistent with the distribution of
σri (hereafter, σri refers to the rms value of the subscript
quantify for the injected particles) as shown in Fig. 4(b).
In Fig. 4(c), the dependence of σzi on ξ is shown, which
shows that longitudinal mixing is ideally suppressed in
the injected beam when Λ = 1 and the second injected
beam when Λ = 4 corresponding to σzi . 1. But in the
first injection for Λ = 4 the electrons from different zi mix
together where σzi ∼ 3. As a result, slice energy spreads
as low as σγ . 0.5 for the beam when Λ = 1 and the
second injected beam when Λ = 4 are obtained; the slice
energy spread for the first injected beam when Λ = 4 is as
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FIG. 4: (a) The emittance and the current of the beam. (b)
The dependence of σri on zi and (c) the dependence of σzi
on ξ of the injected beam. (d) The slice energy spread of the
beam. The beam is divided into 32 (64) slices when Λ = 1(4).
The mean energy is around 55 MeV.
high as σγ ∼ 3. Note that in the simulations, in order to
eliminate the numerical Cherenkov instabilities [36, 37]
induced by the high current, relativistic drifting injected
beam, the PIC code OSIRIS with FFT/Finite-difference
solver [38] is used.
The effect of plasma temperature and asymmetric
driver on the injected beam quality are also studied with
simulations. For the Λ = 4, L = 20c/ωp0 case, the emit-
tance is larger by a factor 1.3 for a 40 eV plasma tem-
perature as compared with a cold plasma. However, the
current and the energy spread vary little. We also find
that the aspect ratio of the driver should be kept be-
low 1.1 to keep the beam quality unchanged because the
deceleration of the sheath electrons in the transverse di-
rections is related to the radial symmetry geometry.
Each PIC simulation corresponds to an infinite set of
physical parameters with the same normalized param-
eters and beam shapes but different absolute plasma
density. The brightnesses of both the drive and out-
put beams are proportional to the corresponding plasma
density. For example, for the Λ = 1 and 4 cases pre-
sented, the peak brightness of the output beams corre-
spond to 30 and 15(np0[cm
−3])A/m2/rad2 respectively.
Current state-of-the-art electron beams can operate in
the blowout regime in densities as high as 1020 cm−3 [39],
indicating brightnesses greater than 1021 A/m2/rad2 are
possible. A laser driver can also be used. Here we
present results from an OSIRIS simulation of an 800
nm circularly-polarized laser pulse with a0 = 2
√
2, w0 =
5.5 µm and τFWHM = 25 fs exciting a wake in a
plasma with np0 = 10
19 cm−3. The laser is focused at
zplasma = −0.025mm, where zplasma = 0 mm is the start
of the downramp. The plasma density is decreased from
1.5np0 to np0 in 28 µm. The simulation window has a di-
mension of 40.6×40.6×35.6 µm with 1600×1600×1400
cells in the x, y and z directions, respectively. In this
example an electron beam with a peak brightness of
1.8×1020A/m2/rad2 (8 kA current and 9 nm emittance)
and . 0.15 MeV slice energy spread is generated. A pos-
itive energy chirp long z-direction is presented immedi-
ately after the ramp due to the mapping between zi and
ξ [see Fig. 3(b)]. At some specific acceleration distance,
this positive chirp is removed due to the negative chirp of
the acceleration gradient and the projected energy spread
of the beam is very low. At zplasma = 0.18 mm, the pro-
jected rms energy spread of the injected beam between
z = 1.2 µm and z = 3.0 µm is only 0.27 MeV with a
mean energy 56.5 MeV.
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